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Abstract

Direct numerical simulation (DNS) is conducted of a homogeneous turbulent shear ¯ow laden with mono-size particles. The

dispersed phase is simulated in the Lagrangian frame and the carrier phase is considered in the Eulerian manner. The coupling

between the two phases is `two-way' which allows investigation of the e�ects of the mass loading ratio and the particle time constant

on both phases. A new Reynolds stress model (RSM) is developed based on a `two-¯uid' methodology in which both the carrier

phase and the dispersed phase are considered in the Eulerian frame. Closures are suggested for the unclosed terms (including the

pressure±velocity gradient) which manifest the e�ects of two-way coupling. The results generated by DNS are used to determine the

magnitudes of some of the empirical constants appearing in RSM. The ®nal model predictions for all the components of the ¯uid,

the particle, and ¯uid-particle Reynolds stresses are assessed via detailed comparisons against DNS data. Ó 1999 Elsevier Science

Inc. All rights reserved.

1. Introduction

A variety of statistical models are available for predictions
of multiphase ¯ows (Crowe et al., 1996). A large number of
investigations are based on the Eulerian description utilizing
turbulence closures for both the dispersed and the carrier
phases. The closure schemes for the carrier phase are mostly
limited to `Boussinesq' type approximations in conjunction
with modi®ed forms of the conventional k±� (e.g. Elghobashi
and Abou-Arab (1983)). The models for the dispersed phase
are typically via the `Hinze±Tchen' algebraic relation (Chen
and Wood, 1986) which relates the eddy viscosity of the dis-
persed phase to that of the carrier phase. While the simplicity
of this model has promoted its use, its universality has not
been recognized. Hence, there is a need to develop more gen-
eral closure models for two-phase ¯ows.

The objective of this work is twofold: (1) conduct DNS of
particle-laden turbulent shear ¯ows and (2) provide a new
second-order Reynolds stress model for statistical predictions
of two-phase ¯ows. While the DNS results are used to in-
vestigate some physical issues pertaining to the structure of
such ¯ows, their primary use is to aid the development of RSM.
The model is associated with the Reynolds stresses in both
phases and the cross-correlation between the velocities of the
two phases. Some of the previous contributions in such mod-
eling are due to Shih and Lumley (1986) who present a second
order theory for particle dispersion with small-inertia particles
and Simonin et al. (1995) who develop a second moment model

theory with one-way coupling. Zhou et al. (1994) also consider
a second order theory but do not present a closed set of
transport equations for the second moments. Here, DNS data
are used rather extensively for both model parameterization
(determination of some of the empirical constants appearing in
the model), and model assessments. The RSM as proposed here
is in the form of full second order transport equations.

One of the ®rst implementations of DNS in two-phase ¯ows
is due to Riley and Patterson (1974) who investigate particle
dispersion in isotropic turbulence. McLaughlin (1989) simu-
lates particle deposition in a channel, and Squires and Eaton
(1991a, b) have conducted extensive DNS of stationary and
decaying turbulence ®elds with one- and two-way coupling.
Elghobashi and Truesdell (1992, 1993) report the results of
similar studies. While there are no reported DNS results on
particle-laden homogeneous turbulent shear ¯ows, several
large eddy simulation (LES) results of such ¯ows are available
(Yeh and Lei, 1991; Simonin et al., 1995). These studies have
been very useful for understanding the physics of particle-
laden shear ¯ows and for assessment of some of the recent
theories pertaining to such ¯ows (Reeks, 1993; Liljegren,
1993). However, the uncertainties associated with the subgrid
scale closures as used in LES, does not allow for a through
assessment of turbulence closures. This assessment is better
furnished via DNS.

2. Direct numerical simulation

The governing equations considered here are the continuity
and Navier±Stokes equations for the continuous ¯uid phase,
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coupled with the Lagrangian equations for discrete particles.
The particles are assumed to be spherical with diameter smaller
than the smallest length scale of the turbulence and to obey an
empirically corrected Stokesian drag relation. The particle
density is much larger than the ¯uid density such that only the
drag force is signi®cant to the particle dynamics. In addition,
the particle volume fraction is assumed to be relatively small
and particle±particle interactions are neglected. The ¯uid ve-
locity and pressure are denoted by Û i and P̂ , and the particle
position and velocity are denoted as Xi and V̂ i, respectively,
where the hat ^ indicates the instantaneous quantity. With this
nomenclature, the continuity and momentum equations for the
¯uid, and the Lagrangian equations of motion for a single
particle are given by:
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where xi and t are the spatial and temporal coordinates, re-
spectively, and qf and m are the ¯uid density and kinematic
viscosity, respectively. The particle time constant for Stokesian
drag of a spherical particle is sp � qpd2

p=18l, where qp and dp

are the particle density and diameter, respectively, and l is the

¯uid viscosity. The function f � 1� 0:15 Re0:687
p in Eqs. (2)

and (3) represents an empirical correction to Stokesian drag
for large particle Reynolds numbers (Rep � q�f dpjÛ �i ÿ V̂ ij=l)
and is valid for Rep6 1000. The superscript (�) indicates the
values of the ¯uid variables at the particle location. The last
term in Eq. (2) represents the e�ects of the particle drag which
is calculated by volume averaging the contributions from all of
the individual particles residing within the cell volume
(DV � �Dx�3, where Dx is the grid spacing) centered around
each grid point (mp � pqpd3

p=6 is the mass of a single particle
and np is the number of particles within the cell volume).

The carrier phase is simulated by a Fourier pseudo-spectral
method, and the particles are tracked individually in a La-
grangian manner. For a given mean shear (S) we have con-
sidered ®ve cases to investigate the e�ects of one- and two-way
coupling at various values for the particle time constant (sp)
and the mass loading ratio (Um � mass of the particles per unit
volume=qf ), using as many as 6:67� 105 particles on 963 col-
location points. The velocity ®eld was initialized as a random
Gaussian, isotropic and solenoidal ®eld in the Fourier space
with a turbulence energy of 3 m2/s2 and a dissipation of 29.15
m2/s3. The particles were distributed randomly with velocities
equal to that of the ¯uid at the position where they are placed.
The ¯uid kinematic viscosity used was 721.8 kg/m3, and the
imposed strain rate on the ¯uid was 62.8 sÿ1. The turbulence
Reynolds number was 952. The resulting velocity gradient for
the mean particle motion equals that of the carrier phase. To
ensure the accuracy of the single phase ¯ow simulation, suc-
cessful comparisons have been established with the simulation
results of Rogers et al. (1986), and the experimental data of
Tavoularis and Corrsin (1981).

The modi®cation of turbulence by the particles is illustrated
in Fig. 1 by considering the temporal variations of the ¯uid
turbulent kinetic energy (k � 1

2
huiuii, where h i indicates the

Eulerian ensemble average over the number of grid points) and
its dissipation rate (�). Both variables are normalized with their

corresponding initial values denoted by subscript (0). For all of
the cases, initially the ¯uid turbulent kinetic energy decays due
to the absence of the o�-diagonal (shear) Reynolds stress term.
This term, along with the mean velocity gradient, are respon-
sible for the production of energy in the streamwise direction.
After the shear Reynolds stress component is produced by the
action of the mean velocity gradient, the kinetic energy starts
to increase (St > 4). The primary e�ect of the particles on the
¯uid is to decrease the turbulent kinetic energy with respect to
its single phase value. This is also the case for the dissipation
rate as shown in Fig. 1(b). The decrease of the kinetic energy
and its rate of dissipation in the presence of particles, suggests
the existence of an extra dissipation which originates from the
drag force.

The equation governing the particle turbulent kinetic en-
ergy (kp � 1

2
hhviviii, with hh ii denoting the Lagrangian en-

semble average) is

dkp

dt
� ÿhhv1v2iiS � hhf iisp

�hhuiviii ÿ 2kp�: �4�
In deriving Eq. (4), the triple correlations between f and ve-
locity components have been neglected after analyzing the
DNS data. The ®rst term on the RHS of Eq. (4) represents a
production by the mean velocity gradient while the second
term is due to drag. The temporal evolution of these terms in
Fig. 2 indicates that for all of the cases the term due to drag
behaves as a dissipation and tends to balance the production.
Obviously, during the initial times (St < 4), the dissipation
overcomes the production and the particle turbulent kinetic

Fig. 1. Temporal variations of the ¯uid turbulent kinetic energy and its

rate of dissipation. Both quantities are normalized with their initial

values.
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energy experiences a rapid decay, similar to those for the ¯uid.
At longer times, Fig. 2 shows that the increase of the mass
loading ratio results in the decrease of the magnitude of both
the production and dissipation. However, the decrease of the
production with the mass loading ratio occurs with a faster
rate than that of the dissipation. As a result, the growth rate of
the particle turbulent kinetic energy is decreased with the in-
crease of the mass loading ratio. A comparison of cases with
di�erent particle time constant values (at the same mass
loading ratio) reveals that the initial evolution of the produc-
tion and the dissipation terms are more sensitive to the vari-
ations of the particle time constant, than are to the variations
of the mass loading ratio. During the initial times, the increase
of the particle time constant decreases the decay rate of the
particle turbulence energy while at long times it results in the
decrease of the growth rate of the kinetic energy.

The overall e�ects of the interaction between the carrier and
dispersed phases are summarized in Table 1 which shows re-
sults at St � 12. It is seen that the turbulence non-dimensional
time scale Sk=� increases with mass loading indicating the
turbulence becomes more sluggish. As observed from the
components of the anisotropic tensors, af

ij � huiuji=k ÿ 2dij=3
and ap

ij � hhvivjii=kp ÿ 2dij=3, the normal components of both
the ¯uid and the particle velocity correlations become more
anisotropic with increasing mass loading whereas the shear
components decrease slightly. Also, the particle normal Rey-
nolds stress in the ¯ow direction is larger than that of the
carrier ¯uid. This is in agreement with the theoretical results of
Reeks (1993) and Liljegren (1993) and the LES results of Si-
monin et al. (1995), and is due to the lack of small scale dis-

sipation in the dispersed phase as opposed to the ¯uid phase.
Furthermore for large mass loading the kinetic energy of the
particles becomes larger than that of the ¯uid.

3. Reynolds stress closures

In this section a second-order moment Reynolds stress
model is proposed for particle-laden ¯ows that includes the
e�ects of two-way coupling between the two phases. The pre-
dictions of the model are then compared with the DNS gen-
erated data. The model is based on the two-¯uid treatment of
two-phase ¯ows. Similar to DNS, we consider the transport of
an incompressible ¯uid (the carrier gas) laden with mono-size
particles (the dispersed phase). The governing equations for
both phases are expressed in the Eulerian frame by performing
volume averaging. For a dilute dispersed phase, typically the
volume fraction (Û � volume of particles per unit volume of
¯uid) �O�10ÿ4�; the transport equation for the carrier phase
simpli®es to Eq. (2) except the particle drag term becomes
kU�Û i ÿ V̂ i�=sp, k � qp=qf , due to the volume averaging pro-
cess. We assume Stokes drag, and the e�ect of the carrier phase
pressure on the particles is negligible. The volume averaged
particle equation in the Eulerian form can be written as

oV̂ i

ot
� V̂ j

oV̂ i

oxj
� 1

sp

�Û i ÿ V̂ i�: �5�
Following the standard Reynolds decomposition procedure,
the ¯ow variables are decomposed into the `ensemble-mean'
and ¯uctuations about the mean: Û i � Ui � ui, V̂ i � Vi � vi,
P̂ � P � p and Û � U� /; and mean ¯ow equations can be
obtained by averaging Eqs. (2) and (5). For the homogeneous
shear ¯ow considered here, the ¯uid velocity is speci®ed with
Vi � Ui and with zero void fraction ¯uxes ui/ and vi/. The
transport di�erential equations for other second-order mo-
ments are obtained from Eqs. (2) and (5) by standard methods:
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oxl
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for the carrier phase Reynolds stress,
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for the dispersed phase Reynolds stress, and

ouivj

ot
� ÿuivl

oVj

oxl
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oUi

oxl
� vij �

1

sp

�uiuj ÿ uivj�

ÿ Um

sp

�uivj ÿ vivj�; �8�
for ¯uid-particle velocity covariance. In Eq. (6), wij �
�p=qf��oui=oxj � ouj=oxi� is the pressure±strain correlation,

and �ij � 2m�oui=oxl��ouj=oxl� indicates the dissipation rate. In

Eq. (8), vij � �p=qf��ovj=oxi� is the pressure-dispersed phase
velocity gradient correlation. In these equations, the third-or-
der correlations involving both the velocity and the void
fraction ¯uctuations are neglected.

The pressure terms, wij and vij are modeled similarly to the
widely utilized closure of Launder, Reece and Rodi (LRR)
(Launder et al., 1975). Utilizing Fourier transform methods
the Poisson equation for the pressure can be solved resulting in
expressions for wij and vij in terms of integrals of two-point
velocity correlations. The result for wij contains extra terms,
involving ¯uid±particle velocity correlations, arising from the
e�ects of the particles on the ¯uid. Following Launder et al.
(1975) the pressure±strain term wij is formulated as a linear

Fig. 2. Temporal variations of the production and drag dissipation

terms appearing in the particle kinetic energy equation.

Table 1

DNS results at St � 12

sp � 0:016 sp � 0:032

Um 0 0.25 0.5 0.25

Sk=� 4.82 5.88 6.31 5.95

af
11 0.361 0.533 0.725 0.515

af
22 ÿ0.291 ÿ0.382 ÿ0.453 ÿ0.418

af
12 ÿ0.324 ÿ0.325 ÿ0.309 ÿ0.262

ap
11 0.630 0.774 0.890 0.888

ap
22 ÿ0.417 ÿ0.468 ÿ0.509 ÿ0.530

ap
12 ÿ0.414 ÿ0.394 ÿ0.359 ÿ0.352

hhv2
1ii=hu2

1i 1.037 1.181 1.147 1.197

hhv2
2ii=hu2

2i 0.546 0.688 0.757 0.500

kp=k 0.821 0.984 1.025 0.910
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polynomial of the velocity correlations. The coe�cients of this
polynomial are obtained by applying the constraints of sym-
metry, incompressibility, and normalization. The ®nal result
for homogeneous ¯ows is

Pij � ÿ Cf 1�a
f
ij � �

4

5
Sf

ij

�
ÿ 6Cf 2 af

ikSf
kj

�
� af

jkSf
ki ÿ

2

3
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mnSf
nmdij

�
ÿ 4� 14Cf 2

3
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ikx
f
kj � af

jkx
f
ki�
�

� Cf 3

kU
sp

�2kaf
ij ÿ umvm�bfp

ij � bfp
ji ��; �9�

where Cf 1, Cf 2 and Cf 3 are empirical constants to be deter-

mined, af
ij � uiuj=k ÿ 2dij=3 and bfp

ij � uivj=umvm ÿ dij=3 are the
normalized form of the ¯uid±¯uid and the ¯uid±particle
Reynolds stresses, respectively; and Sf

ij � �k=2���oUi=oxj �
oUj=oxi� and xf

ij � �k=2���oUi=oxj ÿ oUj=oxi� are the strain
rate and the rotation tensors of the carrier phase, respectively.
In Eq. (9) the ®rst two terms are the LLR closure for the slow
and fast pressure±strain e�ects, respectively, and the last term
depicts the particle e�ects. Following a similar procedure, a
model is derived for the pressure-dispersed phase velocity
gradient correlation

vij � ÿCfp1

uivj

s
� Cfp2ulvj

oUi

oxl
� Cfp3

k
sp

U�uivj ÿ vivj�; �10�
where s � k=� is the carrier phase turbulent time scale, and
Cfp1, Cfp2, and Cfp3 are empirical constants.

Eqs. (9) and (10) indicate that the proposed closures in-
volve six empirical constants which must be determined. The
terms involving Cf 1 or Cf 2 in Eq. (9) are the equivalent of
those in LRR. Thus, the magnitudes of these constants are set
to be the same (Cf 1 � 1:75, Cf 2 � ÿ0:159) to ensure that in the
limit of one-way coupling Eq. (9) reduces to the equivalent
LRR model for single phase ¯ows. The magnitudes of the
other four constants are determined by balancing the transport
equations for all of the components of the ¯uid Reynolds stress
tensor (Eq. (6)) and the ¯uid±particle covariance tensor
(Eq. (8)). Note that all of the remaining terms in these equa-
tions as well as the terms in models of pressure±strain corre-
lation and pressure±particle velocity gradient correlation are
computable directly from the Lagrangian simulations. By
considering all of the components and all of the cases a large
data bank is furnished to determine and to optimize the values
of the remaining four constants. A sample case is shown in
Fig. 3 for the energy budget of hhu1v1ii for Um � 0:25 and
sp � 0:032 s. In this ®gure, the production, the dissipation

rate, and the contribution from drag are calculated from DNS.
The values of the pressure-dispersed phase velocity gradient
are calculated from the proposed models. The term LHS in-
dicates the derivative of the energy component and is obtained
from DNS. This value is compared with

P
RHS which is the

sum of the production, dissipation rate, and drag contribution
(from DNS), and the pressure term (from models). It is ob-
served that the general agreement between the LHS and theP

RHS is good, especially for St > 2 when the turbulence is
well-developed. Similar comparisons have also been performed
for other components for all of the cases. The ®nal (optimized)
values of the empirical constants are given in Table 2.

The ®nal form of the transport equations for all of the
components of the Reynolds stress tensors constitute a set of
Reynolds stress models for particle-laden homogeneous shear
¯ows. To close, an equation must be provided for the dissi-
pation rate of the ¯uid turbulent kinetic energy. The modeled
dissipation rate equation can be rationalized from the exact
equation for the dissipation rate as obtained from Eq. (2). For
the present case this equation includes an additional term,

�2kU=sp� m�oui=oxj��oui=oxj� ÿ m�oui=oxj��ovi=oxj�
h i

, due to

coupling with the dispersed phase. In this expression the ®rst
term is the dissipation � and the second term is modeled as the
relaxation of the trace of ¯uid±particle velocity correlation
tensor, i.e, C�3umvm=s. The ®nal form of the modeled transport
equation for the dissipation rate for homogeneous ¯ow is ex-
pressed as

o�
ot
� ÿC�1

�

k
u1u2

oU1

ox2

ÿ C�2

�2

k
ÿ �

k
kU
sp

�2k ÿ C�3umvm�; �11�
where C�1, C�2, and C�3 are constants. The values for C�1 and
C�2 are taken from their single-phase equivalents; C�1 � 1:45
and C�2 � 1:85. The value of constant C�3 � 0:8 is found by
comparison with DNS data.

The data generated by DNS for the ¯uid, particle, and
¯uid±particle Reynolds stresses are used to assess the Reynolds
stress model. In this assessment the stress and the dissipation
rate values at St � 2 are taken from DNS as initial values. This
time is chosen as the initial time in order to allow the ¯ow and
the particles to reach a dynamic equilibrium. All of the cases
have been considered; however, the results of only two cases
are presented here. Similar trends were obtained for cases with
di�erent mass-loading ratios and particle relaxation times.

The numerical procedure involves simultaneous integration
of 14 coupled equations (13 for Reynolds stresses and 1 for the
dissipation rate). The time derivative term is discretized by a
backward ®nite di�erence scheme. The decay term is evaluated
by averaging between the two successive time levels in order to
expedite convergence. By performing two iterations at each
time level the resulting technique is similar to the Crank±
Nicholson method.

Fig. 3. Budget of hhu1v1ii from the case with Um � 0:25 and

sp � 0:032 s.

Table 2

Empirical constants

Constant Magnitude Basis for choice

Cf 1 1.75 Launder et al. (1975)

Cf 2 ÿ0.159 Launder et al. (1975)

Cf 3 0.5 Budget of uiuj

Cfp1 2.5 Budget of uivj

Cfp2 0.5 Budget of uivj

Cfp3 0.2 Budget of uivj

C�1 1.45 Standard k±�

C�2 1.85 Standard k±�
C�3 0.8 Overall performance of RSM
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First we consider the case with one-way coupling (Um � 0)
for sp � 0:016 s. The model predictions (lines) are compared
with DNS results (symbols) in Fig. 4 for all of the components.
The overall agreement is very good; the particle Reynolds
stress components (Fig. 4(b)) show the best overall agree-
ments. This is expected as the transport equations for the
particle Reynolds stresses involve no modeling. Small devia-
tions observed in Fig. 4(b) is due to uivj terms. It is noted that
the shear components which are of primary importance are
predicted very closely to DNS. For this one-way coupling case,
Fig. 4(a) essentially evaluates the performance of the LRR
model. Some deviations are observed in the streamwise (u1u1)
component but other components are in reasonably good
agreements.

The e�ects of two-way coupling at Um � 0:25 and sp �
0:016 s are portrayed in Fig. 5. Again the agreement between
the model predictions and DNS results is very promising.

Similar to the case with one-way coupling, the largest devia-
tions are observed in the streamwise direction, especially for
the ¯uid. Finally, Fig. 6 shows that the dissipation rate is also
calculated very closely to DNS results, for the two cases.

4. Concluding remarks

This work deals with direct numerical simulation of parti-
cle-laden homogeneous shear ¯ow, and proposes a new Rey-
nolds stress model for statistical prediction of two-phase ¯ows.
The DNS results are used to assess the performance of the
RSM. Reasonable agreement between model and DNS results
are observed, especially for the shear (o�-diagonal) compo-
nents which are of primary importance. A very important
feature of model is that the e�ects of the two-way coupling are
included in every aspect of the formulation. Work is underway
in implementation of the proposed RSM in homogeneous
plane-strain ¯ows and their validations via DNS.

Fig. 4. Comparisons of the Reynolds stress model predictions (lines)

with DNS data (symbols) for components of the ¯uid, particle and

¯uid±particle Reynolds stress tensors in the case with one-way cou-

pling at sp � 0:016 s.

Fig. 5. Comparisons of the Reynolds stress model predictions (lines)

with DNS data (symbols) for components of the ¯uid, particle and

¯uid±particle Reynolds stress tensors for Um � 0:25 and sp � 0:016 s.
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